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Abstract
Let Fp be the field of a prime order p. It is known that for any
integer N ∈ [1, p] one can construct a subset A ⊂ Fp with |A| = N
such that
max{|A+A|, |AA|} ≪ p1/2|A|1/2.
In the present paper we prove that if A ⊂ Fp with |A| > p
2/3, then
max{|A+A|, |AA|} ≫ p1/2|A|1/2.
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1 Introduction
Let Fp be the field of residue classes modulo a prime number p and let A ⊂ Fp.
Consider the sum set
A+ A = {a + b : a ∈ A, b ∈ A}
1
and the product set
AA = {ab : a ∈ A, b ∈ A}.
From the work of Bourgain, Katz, Tao [2] and Bourgain, Glibichuk, Konya-
gin [1] it is known that if |A| < p1−δ, where δ > 0, then one has the sum-
product estimate
max{|A+ A|, |AA|} ≫ |A|1+ε (1)
for some ε = ε(δ) > 0. This result and its versions have found many impor-
tant applications in various areas of mathematics.
In the corresponding problem for integers (i.e., if the field Fp is replaced
by the set of integers) the conjecture of Erdo¨s and Szemere´di [4] is that
max{|A+A|, |AA|} ≫ |A|2−ε for any given ε > 0. At present the best known
bound in the integer problem is max{|A+ A|, |AA|} ≫ |A|14/11(log |A|)−3/11
due to Solymosi [9].
Explicit versions of (1) have been obtained in [5]–[8]. For subsets with
relatively small cardinalities (say, |A| < p13/25), in [5] we proved that
max{|A+ A|, |AA|} ≫ |A|15/14(log |A|)O(1)
which was subsequently improved in [7] to
max{|A+ A|, |AA|} ≫ |A|14/13(log |A|)O(1).
In [5] we have also considered the case of subsets with larger cardinalities,
which had been previously studied in [6]. We have shown, for example, that
max{|A+ A|, |AA|} ≫ min
{
|A|2/3p1/3, |A|5/3p−1/3
}
(log |A|)O(1).
One may conjecture that the estimate
max{|A+ A|, |AA|} ≫ min{|A|2−ε, |A|1/2p1/2−ε}
holds for all subsets A ⊂ Fp. The motivation for the quantity |A|
1/2p1/2−ε
is clear from the construction in [3] which can be described as follows. Let
g be a generator of F∗p. By the pigeon-hole principle, for any N ∈ [1, p] and
for any integer M ≈ p1/2N1/2 (which we associate with M (mod p)), there
exists L such that
|{gx : 1 ≤ x ≤M} ∩ {L+ 1, L+ 2, . . . , L+M}| ≫M2/p≫ N.
2
Obviously, any subset A ⊂ {gx : 1 ≤ x ≤ M} ∩ {L + 1, L + 2, . . . , L +M}
with |A| ≈ N satisfies max{|A+ A|, |AA|} ≪ p1/2|A|1/2.
Thus, it follows that for any integer N ∈ [1, p] there exists a subset A ⊂ Fp
with |A| = N such that
max{|A+ A|, |AA|} ≪ p1/2|A|1/2.
In the present paper we prove the following statement.
Theorem 1. Let A ⊂ Fp. Then
|A+ A||AA| ≫ min
{
p|A|,
|A|4
p
}
.
In view of the foregoing discussion, in the range |A| > p2/3 our result
implies the optimal in the general setting bound
max{|A+ A|, |AA|} ≫ p1/2|A|1/2.
The following generalization of Theorem 1 improves the corresponding
result from [11], where an analogy of the sum-product estimate from [6] has
been obtained for subsets of Zm, the ring of residue classes modulo m.
Theorem 2. Let A ⊂ Zm. Then
|A+ A||AA| ≫ min
{
m|A|,
|A|4
m
(∑
d|m
d<m
d1/2
)−2}
.
We remark that if m = p2, A = {p x : x ∈ Zm}, where p is a prime
number, then |A| = |A + A| = m1/2, |AA| = 1 and the left hand side of the
estimate of Theorem 2 is of the same order of magnitude as the right hand
side.
2 Proof of Theorem 1
We can assume that {0} 6∈ A. Consider the equation
xa−11 + a2 = y, (x, a1, a2, y) ∈ (AA)× A× A× (A+ A). (2)
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For any triple (a1, a2, a3) ∈ A× A× A the vector
(a1a3, a1, a2, a3 + a2) ∈ (AA)× A× A× (A+ A)
is a solution of (2). For different triples (a1, a2, a3) ∈ A×A×A correspond
different solutions (a1a3, a1, a2, a3+ a2). Thus, the number J of solutions of
the equation (2) satisfies J ≥ |A|3. Expressing J via additive characters and
following the standard procedure, we obtain
|A|3 ≤ J =
1
p
p−1∑
n=0
∑
x∈AA
∑
a1∈A
∑
a2∈A
∑
y∈A+A
ep(n(xa
−1
1 + a2 − y)) ≤
|AA||A|2|A+ A|
p
+
1
p
p−1∑
n=1
∣∣∣
∑
x∈AA
∑
a1∈A
ep(nxa
−1
1 )
∣∣∣
∣∣∣
∑
a2∈A
∑
y∈A+A
ep(n(a2 − y))
∣∣∣.
Since
max
(n,p)=1
∣∣∣
∑
x∈AA
∑
a1∈A
ep(nxa
−1
1 )
∣∣∣ ≤
√
p|AA||A|,
(see, for example, [10, Chapter VI]), we have
|A|3 ≤
|AA||A|2|A+ A|
p
+
√
p|AA||A|
p
p−1∑
n=0
∣∣∣
∑
a2∈A
ep(na2)
∣∣∣
∣∣∣
∑
y∈A+A
ep(ny)
∣∣∣.
Applying the Cauchy-Schwarz inequality to the sum over n, we get
|A|3 ≤
|AA||A|2|A+ A|
p
+
√
p|AA||A|
√
|A||A+ A|
and the result follows.
3 Proof of Theorem 2
Let us first reduce the problem to the case A ⊂ Z∗m. Let
d0 = min{ (a,m) : a ∈ A}.
Then,
|AA| ≥ |d0A| ≥
|A|
d0
.
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If
|A|2 ≤
4m
d0
(∑
d|m
d<m
d1/2
)2
,
then
|A|4
m
(∑
d|m
d<m
d1/2
)−2
≤
4|A|2
d0
≤ 4|A||AA| ≤ 4|A+ A||AA|
and the statement becomes trivial in this case. Thus, we can assume that
|A|2 >
4m
d0
(∑
d|m
d<m
d1/2
)2
.
But then we have that
{a ∈ A : (a,m) > 1} = {a ∈ A : (a,m) ≥ max{d0, 2}} ≤
∑
d|m
d≥max{d0,2}
m
d
=
∑
d|m
d≤min{m/d0,m/2}
d ≤
(m
d0
)1/2∑
d|m
d<m
d1/2 <
|A|
2
.
Hence, |A ∩ Z∗m| > |A|/2. Denoting A ∩ Z
∗
m again by A we deduce that it
suffices to deal with the case A ⊂ Z∗m.
We can also assume that |A|3 > 2|AA||A|2|A+A|/m, since otherwise we
are done. Following the proof of Theorem 1, we obtain
|A|3 ≤
2
m
m−1∑
n=1
∣∣∣
∑
x∈AA
∑
a1∈A
em(nxa
−1
1 )
∣∣∣
∣∣∣
∑
a2∈A
∑
y∈A+A
em(n(a2 − y))
∣∣∣.
For a given divisor d|m we collect together those n for which (n,m) = d.
Thus, denoting n/d by n again, we get
|A|3 ≤
2
m
∑
d|m
d<m
m/d∑
n=1
(n,m/d)=1
∣∣∣
∑
x∈AA
∑
a1∈A
em/d(nxa
−1
1 )
∣∣∣
∣∣∣
∑
a2∈A
∑
y∈A+A
em/d(n(a2 − y))
∣∣∣.
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Since (n,m/d) = 1, we have
(∣∣∣
∑
x∈AA
∑
y∈A
em/d(nxa
−1
1 )
∣∣∣
)2
≤ |AA|
m−1∑
x=0
∣∣∣
∑
a1∈A
em/d(xa
−1
1 )
∣∣∣
2
≤ dm|AA||A|.
Thus,
|A|3 ≤
2|A|1/2|AA|1/2
m1/2
∑
d|m
d<m
d1/2
m/d∑
n=1
∣∣∣
∑
a2∈A
em/d(na2)
∣∣∣
∣∣∣
∑
y∈A+A
em/d(ny)
∣∣∣.
Using the inequalities
m/d∑
n=1
∣∣∣
∑
a2∈A
em/d(na2)
∣∣∣
2
≤ m|A|,
m/d∑
n=1
∣∣∣
∑
y∈A+A
em/d(ny)
∣∣∣
2
≤ m|A+ A|,
we deduce that
|A|3 ≤ 2|A|1/2|AA|1/2m1/2|A|1/2|A+ A|1/2
∑
d|m
d<m
d1/2.
This proves Theorem 2.
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